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Abstract 

Originally, as described in J^|, the SWa-equations discovered by Seiberg 
and Witten are l st -order partial differential equations, which solutions 
(A, cj>), with 4> 7^ 0, are known as iSW a -monopoles. It is known that the 
solutions of these l st -order SWa-equations correspond to the minimum of 
the functional SW a '■ C a — > R. However, it is not true that the minimum 
of SW a : C a — *• R is always attained by this sort of solution. In fact, there 
are only a finite number of a £ Spin c (X) such that the minimum is a 
SW Q -monopole. We show that a necessary condition to (^4, <f>) £ C a be a 
SW a -monopole is that 

Qx(a,a) , 1_ 1, 

vx.(k- x y 1 ^ 2 '4 J ' 

where Qx=intersection form of X, ux=volume of (X, g) and k~ x is a 
constant depending on the scalar curvature of (X,g). 



1 Introduction 

Let (X, g) be a closed Riemannian 4-manifold and a € Spin c (X) be a spin c - 
structure fixed on X. The space of S'pin c -strutures on X is 

Spin c (X) = {a G H 2 (X,Z) \ w 2 (X) = a mod 2}. 

For each a € Spin c (X), there is a vector spave V and a representation 
p a : SO4 — > Gl(V). Consequently, there are also a pair of vector bundles 
(S a + ,£ a ) over X (see |N|), where (Pso 4 =frame bundle of TX) 

• S a = P S Oi x Pa V = S a + © S a ~. 

The bundle S a + is the positive complex spinors bundle (fibers are Spin% — 
modules isomorphic to C 2 ) 

• C a — PsOi Xdet(a) C. 

It is called the determinant line bundle associated to the Spm c -struture 
a. (ci(£ Q ) = a) 



Thus, given a G Spin c (X) we associate a pair of bundles 

aeSpin c (X) ~* (£ a ,<S a + ) 

Let P a be the frame bundle of C a . So, ci(P Q ) = a. 
Now, consider the spaces 

• A a = L^in^adim))) 

. r(S a + ) = L^(f2°(X,S a + ) 

• c a = A a x r(s a +) 

• g a = L 2 > 2 (X, Ui) = L 2 > 2 (Map{X, U^) 

In dimension 4, the vector bundle Q 2 {ad{u\)) admits a decomposition 

{2%{ad{ui)) ® n 2 _{ad(\i X )) (1) 

in seld-dual (+) and anti-self-dual (-) parts ( ||). 

The l st -order (original) Seiberg-Witten equations are defined over the con- 
figuration space C a = A a x r(S a + ) as 

where 

• is the Spinc^-Dirac operator defined on r(S^); 

• cr : r{S a + ) -> End°(r{S+) + ) (End (V)=traceless endomorphism of V) 
is the quadratic form 



^) =( ^*-Ll£j (3 ) 



performing the coupling of the ^ST^-equation with the Dirac c operator. 
Locally, if cj) = <f>2) 1 then the quadratic form <j(<f) is written as 



2 A Variational Principle for the Seiberg-Witten 
Equation 



Consider the functional 

SW{A,<t>) = \ f {\ Ft - a{<j>) | 2 + | D+(cf>) \ 2 }dv g (4) 

The next identities, which proofs are standard, are applied to expand the func- 
tional ( |) 

Proposition 2.0.1. For each a £ Spin c (X), let C a be the determinant line 
bundle associated to a and (A,<f>) S C a . Also, assume that k g — scalar curvature 
°f ( x ,g)- Then, 

1. <F+,a{4>) >= i <F+.<t>,4>> 

2. <cx{<j>),a{4>) >=\ |0 | 4 

3. Weitzenbock formula 

D z 6= V*V 



4^2 



2 



5. c 2 {C a ®C a ) = J X F A AF A 



6. | F+ | 2 = | | F A | 2 -47r 2 a 2 



Consequently, after expanding the functional ( ^) , we get the expression 
SW(A, 4>) = J {\ \F A \ 2 + \ ?+\\^ I 4 +\ < k g <f>, <j> >}dv g - 2ir 



(5) 



Definition 2.0.2. For each a € Spin c (X), the Seiberg-Witten Functional is 
the functional SW a : C a — > R given by 

SW a {A, 0) = J^{\ | F A | 2 + | V A | 2 +i |0 | 4 +~ < fc 9 0, >}<fc 9 (6) 

where k g — scalar curvature of (X,g). 
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Let k™ x = min^gx k g (x) and 

k _ fo, if k g (x) > for all x E X; 
9 ' x ~ \(-k™ x )i, otherwise. ' ' 

Remark 2.0.3. 1. Since X is compact and \\ <fi ||l 4 <|| 4> Hi 1 ' 2 ; ihe func- 
tional is well defined on C a , 

2. The SW a -functional (^]) is Gauge invariant. 

Proposition 2.0.4. The Euler- Lagrange equations of the SY^ a - functional 
are 

A^+^0+^ = O (8) 

d*F A +4$*(V A 0) = (9) 
where $ : /2 x (ui) -> f2 1 {S a + ) 

Remark 2.0.5. 1. From (^) and (fy, it follows that 

SW a (A,<p) - 2ir 2 a 2 > 0. 

The equality above happens iff(A,<p) is a solution to the I st -order SW a - 
equations. Thus, the SW a - functional is bounded below by 2it 2 ot 2 , where 

a 2 = Qx(a, a) 

(Qx ■ H 2 (X,Z) x H 2 (X,Z) — > Z is the intersection form of X). 

2. It is known from ( Fm) that whenever (A, 4>) is a solution of (m) and (W), 
then 

\\4>\\oo<k- tX (io) 

It follows from Holder's Inequality that 

I <H 2 < [/ dv x Y' 2 \ J | | 4 ] 1/2 =► [J | H 1/2 < 4 /4 -[ / 1 <i> W\ 

\\<t>\\i^< Vx 4 II IU 4 (11) 

where vx is the volume of X. 

The next proposition was orinally proved in p^j . 
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Proposition 2.0.6. Let a € Spin c (X). Let (A,4>) be a SW a -monopole, so 



o? < (12) 
4 

Proof. It follows fro the Weitzenbock formula that 

D A cf> = ( V A )*v A 0+iF+(0) + ifc g = O 

By taking the inner product with <fi and integrating, we get 



x 



V A (j> | 2 + 7 | <j> | 4 + ~kg | <j> | 2 ) dX = 



Consequently, applying ( |l4|) , we get 



f (l | 2 +\ | | 4 ) dx < \(-k£ x ) J | <t> | 2 
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Since (j> ^ 0, we can apply the last inequality to estimate || fjj" \\l 2 \ 

\\FU\l>=\\*(<t>\\l*=\H\\i*< {k °> x) *- vx 

Once a 2 =|| F| || 2 2 - || | 2 2 , it follows that 

2 ( fc g >) 4 -^ 

a < ; . 



□ 



Proposition 2.0.7. Let a G Spin c (X) and (A,cf>) be a SWa-monopole. So, 



Proof. 



* 2 > -^l^. (13) 



2 1 II it 1 1 2 , II ^Ai 1 1 2 , II jl ||4 



SW a {A,4>) - J k g | f= j II F A ||i 2 4 || v-v Hi, +^ II Hi4 
Therefore, 



<SW Q (A,0) + (-fc£ x ) || cp || 2 2 > 1 || F A ||| 2 + || V A ||i 2 + l - || || 4 L4 , 
in particular, 



\\<f>\\h<8SW a (A,cl>)+8(k- x ) 2 ||0|| 2 L2 
Applying the inequality ( O), we get that 



So, 



II ||t 2 < 8v x SW a (A,cj>) + 8v x .(k~ x ) 2 || 4> \\ 2 L 2 



<t> ~8v x .(k; x ) 2 || ||| 2 -8wx5W a (A,0) < 0. 



(14) 



Consider the quadratic function / 



defined as 



f(x) =x 2 - 8v x .(k- x ) 2 x - 8v x SW a (A, <j>) 

If the inequality f(x) < is not satisfied by any x € R, then <j> = 0. The 
discriminant of f is 



A = 



?>2v x (2v x .(k- x ) 4 g>x +SW a (A,< 



The inequality ( [lj) will be satisfied if and only if A > 0, since f'(x) > and 
mm xm f(x) = - — . Therefore, 



SW a {A,<t>) > -2v x .{k- x f 



It follows that 



*°x.{k- x Y - 2JAv x 2v x (k; x y+SW a {A,, 



< 



< 4v x .(k- x ) 2 + 4v x \2v x .{k- x Y+SW a {A A 
Since SW a (A, <f) > 27r 2 a 2 , the lower upper bound of the 5W a -functional is 
SW a (A,<f>) > max{2^ 2 a 2 ,-2 Ux .(fc7 x ) 4 } 



In this way, if (A, 4>) (</> ^ 0) satisfies the l s '-order iSWa-equation then 

a 2 > 



„. . v x .{k g:X f 



□ 



The inequalities obtained impose necessary concitions in order to (A, <j)) be 
a tSyVc-monopolo. Basically, it is necessary that 



v x-{k x ) 4 2 {k g , x f.v x 
W < a < — - — ; 



(15) 
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or, equivalcntly, 
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